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There is reason to expect an event with more 

or less confidence according to the greater or 

less number of times in which, under given 

circumstances, it has happened without failing

Thomas Bayes, 1763

On the shoulders of giants



On the shoulders of giants

This is really the scientific method: one always 
approaches a problem with an hypothesis on it.  
How does data update my understanding? 

Likelihood: how 
probable is the data 
given some parameters?

Prior: how probable is a 
set of parameters before 
getting new data?

Posterior: how probable 
are these parameters given 
the observed data?

Evidence: how probable 
is the data under all 
possible parameters?

P (✓|d)
P (d|✓) p(✓)

Z
P (d|✓)p(✓)d✓

=



GWs: a gigantic set of priors!
• Gravitational waves are predicted by GR. 
• GR has passed all tests with flying colors. We have a huge 

preconception that GR is an accurate description of reality. 
• Indeed, we talk about detecting a deviation from GR not about 

measuring the theory of gravity. 
• GR predicts black holes… 
• … we detect black holes 



Mass measurements

following section and are consistent with our expect-
ations for an astrophysical BBH source. The inferred
component masses of LVT151012 lie roughly between
the masses of GW150914 and GW151226, as shown
in Fig. 4.

IV. SOURCE PROPERTIES

In this section, we present the inferred properties of the
sources of GW150914, LVT151012, and GW151226,
assuming that the signals each originate from a binary
coalescence as described by general relativity. Tests of the
consistency of the signal with the predictions of general
relativity are presented in Sec. V. Full results for
GW150914 have been provided in Refs. [39,40], and
key results for LVT151012 have been given in
Ref. [44]. Here, we give results based upon an updated
calibration of the data. The analyses of all three signals

closely mirror the original analysis of GW150914, as
detailed in Ref. [39] and described in Appendix B.
The analysis makes use of two waveform models, the

double aligned spin waveform model (EOBNR) [8,9] and
an effective precessing spin model (IMRPhenom) [36–38].
Results from the two waveforms are similar, and the data
give us little reason to prefer one model over the other. We
therefore average the posterior distributions from two
waveforms for our overall results. These are used for the
discussion below, except in Sec. IV B, where we also
consider measurements of spin alignment from the pre-
cessing IMRPhenom waveform.
The results match our expectations for a coherent

signal in both detectors and give us no reason to suspect
that any of the signals are not of astrophysical origin. All
three signals are consistent with originating from BBHs.
Key parameters for the three events are included in
Table I and plotted in Figs. 4,5, and 6. Detailed results
are provided in Table IV in Appendix B.

FIG. 4. Posterior probability densities of the masses, spins, and distance to the three events GW150914, LVT151012, and GW151226.
For the two-dimensional distributions, the contours show 50% and 90% credible regions. Top left panel: Component massesmsource

1 and
msource

2 for the three events. We use the convention that msource
1 ≥ msource

2 , which produces the sharp cut in the two-dimensional
distribution. For GW151226 and LVT151012, the contours follow lines of constant chirp mass (Msource ¼ 8.9þ0.3

−0.3M⊙ and
Msource ¼ 15:1þ1.4

−1.1M⊙, respectively). In all three cases, both masses are consistent with being black holes. Top right panel: The
mass and dimensionless spin magnitude of the final black holes. Bottom left panel: The effective spin and mass ratios of the binary
components. Bottom right panel: The luminosity distance to the three events.

B. P. ABBOTT et al. PHYS. REV. X 6, 041015 (2016)
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• Low mass: many orbits; 
chirp mass: 

• High mass: mainly merger; 
total mass: 

• Data analyzed with priors 
uniform in component 
masses  

M
tot

= m
1

+m
2

m1, m2

This is a specific assumption 
we’re inserting into the analysis 

LIGO/Virgo Collaboration



Spin measurements

A. Masses

The binary component masses of all three systems lie
within the range expected for stellar-mass black holes. The
least massive black hole is the secondary of GW151226,
which has a 90% credible lower bound that msource

2 ≥
5.6M⊙. This is above the expected maximum neutron star
mass of about 3M⊙ [80,81] and beyond the mass
gap where there is currently a dearth of black holes
observed in x-ray binaries [82–84]. The range of our
inferred component masses overlaps with those for stellar-
mass black holes measured through x-ray observations but
extends beyond the nearly 16M⊙ maximum of that
population [85–87].
GW150914 corresponds to the heaviest BBH system

(Msource ¼ 65.3þ4.1
−3.4M⊙) we observed, and GW151226

corresponds to the least massive (Msource ¼ 21.8þ5.9
−1.7M⊙).

Higher mass systems merge at a lower gravitational-wave
frequency. For lower-mass systems, the gravitational-wave

signal is dominated by the inspiral of the binary compo-
nents, whereas for higher-mass systems, the merger and
ringdown parts of the signal are increasingly important.
The transition from being inspiral dominated to being
merger and ringdown dominated depends upon the sensi-
tivity of the detector network as a function of frequency;
GW150914 had SNR approximately equally split between
the inspiral and post-inspiral phases [41]. Information
about the masses is encoded in different ways in the
different parts of the waveform: The inspiral predominantly
constrains the chirp mass [70,88,89], and the ringdown is
more sensitive to the total mass [90]; hence, the best-
measured parameters depend upon the mass [91–93]. This
is illustrated in the posterior probability distributions for the
three events in Fig. 4. For the lower-mass GW151226 and
LVT151012, the posterior distribution follows curves of
constant chirp mass, but for GW150914, the posterior is
shaped more by constraints on the total mass [94].

FIG. 5. Posterior probability distributions for the dimensionless component spins cS1=ðGm2
1Þ and cS2=ðGm2

2Þ relative to the normal to
the orbital plane L, marginalized over the azimuthal angles. The bins are constructed linearly in spin magnitude and the cosine of the tilt
angles, and therefore have equal prior probability. The left plot shows the distribution for GW150914, the middle plot is for LVT151012,
and the right plot is for GW151226.

FIG. 6. Posterior probability distributions for the sky locations of GW150914, LVT151012, and GW151226 shown in a Mollweide
projection. The left plot shows the probable position of the source in equatorial coordinates (right ascension is measured in hours and
declination is measured in degrees). The right plot shows the localization with respect to the Earth at the time of detection. Hþ and Lþ
mark the Hanford and Livingston sites, and H− and L− indicate antipodal points; H-L and L-H mark the poles of the line connecting the
two detectors (the points of maximal time delay). The sky localization forms part of an annulus, set by the difference in arrival times
between the detectors.

BINARY BLACK HOLE MERGERS IN THE FIRST … PHYS. REV. X 6, 041015 (2016)
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two. The inferred component masses are shown in Fig. 2.
The formof the two-dimensional distribution is guidedby the
combination of constraints on M and M. The binary was
composed of two black holeswithmassesm1 ¼ 31.2þ8.4

−6.0M⊙
and m2 ¼ 19.4þ5.3

−5.9M⊙; these merged into a final black hole
of mass 48.7þ5.7

−4.6M⊙. This binary ranks second, behind
GW150914’s source [5,37], as themost massive stellar-mass
binary black hole system observed to date.
The black hole spins play a subdominant role in the

orbital evolution of the binary, and are more difficult to
determine. The orientations of the spins evolve due to
precession [62,63], and we report results at a point in the
inspiral corresponding to a gravitational-wave frequency of
20 Hz [37]. The effective inspiral spin parameter χeff ¼
ðm1a1 cos θLS1 þm2a2 cos θLS2Þ=M is the most important
spin combination for setting the properties of the inspiral
[64–66] and remains important through to merger [67–71];
it is approximately constant throughout the orbital evolu-
tion [72,73]. Here θLSi ¼ cos−1ðL̂ · ŜiÞ is the tilt angle
between the spin Si and the orbital angular momentum L,
which ranges from 0° (spin aligned with orbital angular
momentum) to 180° (spin antialigned); ai ¼ jcSi=Gm2

i j is
the (dimensionless) spin magnitude, which ranges from 0 to
1, and i ¼ 1 for the primary black hole and i ¼ 2 for the
secondary. We use the Newtonian angular momentum for
L, such that it is normal to the orbital plane; the total orbital
angular momentum differs from this because of post-
Newtonian corrections. We infer that χeff ¼ −0.12þ0.21

−0.30 .
Similarly to GW150914 [5,37,44], χeff is close to zero with
a preference towards being negative: the probability that
χeff < 0 is 0.82. Our measurements therefore disfavor a
large total spin positively aligned with the orbital angular
momentum, but do not exclude zero spins.
The in-plane components of the spin control the amount

of precession of the orbit [62]. This may be quantified by
the effective precession spin parameter χp which ranges
from 0 (no precession) to 1 (maximal precession) [39].
Figure 3 (top) shows the posterior probability density for
χeff and χp [39]. We gain some information on χeff ,
excluding large positive values, but, as for previous events
[3,5,37], the χp posterior is dominated by the prior (see
Sec. III of the Supplemental Material [11]). No meaningful
constraints can be placed on the magnitudes of the in-plane
spin components and hence precession.
The inferred component spin magnitudes and orienta-

tions are shown in Fig. 3 (bottom). The lack of constraints
on the in-plane spin components means that we learn
almost nothing about the spin magnitudes. The secondary’s
spin is less well constrained as the less massive component
has a smaller impact on the signal. The probability that the
tilt θLSi is less than 45° is 0.04 for the primary black hole
and 0.08 for the secondary, whereas the prior probability is
0.15 for each. Considering the two spins together, the
probability that both tilt angles are less than 90° is 0.05.

FIG. 3. Top: Posterior probability density for the effective
inspiral and precession spin parameters, χeff and χp. The
one-dimensional distributions show the posteriors for the two
waveform models, their average (black), and the prior distribu-
tions (green). The dashed lines mark the 90% credible interval for
the average posterior. The two-dimensional plot shows the 50%
and 90% credible regions plotted over the posterior density
function. Bottom: Posterior probabilities for the dimensionless
component spins, cS1=ðGm2

1Þ and cS2=ðGm2
2Þ, relative to the

normal of the orbital plane L̂. The tilt angles are 0° for spins
aligned with the orbital angular momentum and 180° for spins
antialigned. The probabilities are marginalized over the azimuthal
angles. The pixels have equal prior probability (1.6 × 10−3);
they are spaced linearly in spin magnitudes and the cosine
of the tilt angles. Results are given at a gravitational-wave
frequency of 20 Hz.
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III PARAMETER INFERENCE

FIG. 3. A Mollweide projection of the posterior probability
density for the location of the source in equatorial coordinates
(right ascension is measured in hours and declination is mea-
sured in degrees). The location broadly follows an annulus
corresponding to a time delay of ⇠ 3.0+0.4

�0.5 ms between the
Hanford and Livingston observatories. We estimate that the
area of the 90% credible region is ⇠ 1200 deg2.

FIG. 4. Posterior probability density for the source luminos-
ity distance DL and the binary inclination ✓JN . The one-
dimensional distributions include the posteriors for the two
waveform models, and their average (black). The dashed lines
mark the 90% credible interval for the average posterior. The
two-dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.

values because of the greater preference for spins with
components antialigned with the orbital angular momen-
tum.

The final calibration uncertainty is su�ciently small
to not significantly a↵ect results. To check the impact
of calibration uncertainty, we repeated the analysis using
the e↵ective-precession waveform without marginalising

FIG. 5. Posterior probability densities for the e↵ective in-
spiral spin �e↵ for GW170104, GW150914, LVT151012 and
GW151226 [13], together with the prior probability distri-
bution for GW170104. The distribution for GW170104 uses
both precessing waveform models, but, for ease of compari-
son, the others use only the e↵ective-precession model. The
prior distributions vary between events, as a consequence of
di↵erent mass ranges, but the di↵erence is negligible on the
scale plotted.

FIG. 6. Posterior probability density for the final black hole
mass Mf and spin magnitude af . The one-dimensional dis-
tributions include the posteriors for the two waveform mod-
els, and their average (black). The dashed lines mark the
90% credible interval for the average posterior. The two-
dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.
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• Best measured quantity: effective spin 

• Constant of motion at 2PN 

• Priors uniform in spin magnitude and 
isotropic in spin direction at 20Hz!

�e↵ =

✓
S1

m1
+

S2

m2

◆
L̂

M

Racine 2008; DG+ 2015

This is a specific assumption 
we’re inserting into the analysis 

LIGO/Virgo Collaboration



Does it matter?

How informative are current GW data?  
Which events? Which parameters? 

If data are strong:

P (✓|d)

If data are weakly informative:

P (✓|d)
P (d|✓) p(✓)

Z
P (d|✓)p(✓)d✓

=

P (✓|d)
P (d|✓) p(✓)

Z
P (d|✓)p(✓)d✓

=

P (d|✓) p(✓)
Z

P (d|✓)p(✓)d✓
=



Black holes have spins 
• Spins are vectors, magnitude and direction. 
• Rotating bodies have rotational energy 

Black holes come from stars 
• Masses of stars are not all equally probable 
• Black hole spins from stellar collapse might be low 
• But X-ray binary measurements suggest spins are high. Bimodal? 
• Stellar interactions might align the BH spins… 
• … but dynamical interactions predict isotropic spins This is the current prior! 

2

ments may be di↵erent from those at formation, which
are needed to discriminate formation channels [39]. For-
tunately, isotropic spin distributions are kept isotropic
when evolved under the 2PN spin precession equations
[39–41], and the impact of this issue on the usual prior
can be neglected (but see P

5

below).
Despite being at first sight reasonable, the isotropic

spin prior distribution carries important astrophysical
consequences. Is it generally believed that binaries
formed in isolation in the galactic field will have, on aver-
age, some tendency towards spins aligned with the orbital
angular momentum. On the other hand, spin directions
of binaries formed via dynamical interactions in stellar
clusters are expected to be isotropically distributed. We
are therefore in a risky situation: we may be biasing our
astrophysical inference by assuming a-priori one of the
models we try to discriminate.

A similar note can be made regarding the choice of
distributing spins uniformly in magnitude. If we were
to base our previous knowledge on other observed BH
systems, then moderately high spins should be favored
as found in most X-ray binaries [42]. On the other hand,
core-envelope interactions in massive stars may produce
BHs with small spins [43, 44] (and it has been suggested
that primordial BH spins should also be low [45]). One
may therefore want to choose a prior which is peaked at
either low or high spins, or perhaps even bimodal. An
agnostic approach would be to consider the BH spins
as vectors and draw them uniformly in volume, rather
than uniformly in magnitude and isotropic in direction.
Alternatively, one might naively assume black holes form
in situations where a random amount of energy goes into
the spin, and draw uniformly in specific rotational energy

E
rot

⌘ 1 �
q

1 +
p

1 � �2/
p

2.

The spin parameter which is measured best (arguably
the only spin parameter which is currently measured at
all [6, 7]) is the so-called e↵ective spin1

�
e↵

=
S
1

/m
1

+ S
2

/m
2

m
1

+ m
2

·L̂ =
�
1

cos ✓
1

+ q�
2

cos ✓
2

1 + q
, (1)

where q = m
2

/m
1

 1 is the mass ratio, and ✓i =
arccos(Ŝi · L̂) are the angles between the spins Si and
the binary’s orbital angular momentum L̂. It is clear
from Eq. (1) that the mass ratio, spin magnitude and
spin direction priors are all entangled in determining the
prior distribution of �

e↵

.

Prior choices– In order to explore some of these issues
and gauge the impact of priors on Bayesian inference,
we have reanalyzed the BH coalescences detected by
LIGO during its first observing run (O1) using a vari-
ety of alternative prior distributions. Results have been

1 �
e↵

is a constant of motion at 2PN [46] and is therefore largely
una↵ected by the aforementioned issue on the reference fre-
quency.

Individual masses Spin magnitude Spin Direction

P
1

Uniform Uniform Isotropic

P
2

Uniform Uniform in E
rot

Isotropic

P
3

Uniform Volumetric Isotropic

P
4

Uniform N (0,0.1)+N (0.89,0.1) Isotropic

P
5

Uniform Uniform N (0,10�)

P
6

Power law Uniform Isotropic

P
7

Logistic Uniform Isotropic

P
8

Uniform N (0,0.1) Isotropic

TABLE I. Mass and spin priors used in this analysis; detailed
expressions are provided in the text.

obtained using the nested sampling algorithm imple-
mented in LALInference [8] and a reduced-order quadra-
ture (ROQ) [47] implementation of the IMRPhenomPv2

waveform model, which partially accounts for spin pre-
cession e↵ects through a single parameter �

p

[48]. We
restrict our study to (detector-frame [49]) chirp masses
8M

�

 Mc  45M
�

, mass ratios q � 1/8 and dimension-
less spin magnitudes �i  0.89 [47]. These restrictions
are not a problem for our study since for none of the
runs we performed the posterior distributions had sup-
port near these boundaries. We have analyzed the 32-
second dataframes publicly released at losc.ligo.org,
using the BayesWave algorithm [50, 51] to estimate the
on-source power spectral density needed for the likeli-
hood evaluations [8], marginalizing over calibration un-
certainties as in [6, 7].

Each event was analyzed multiple times, using one of
the following priors (see Table I for a summary): uni-
form in individual masses and spin magnitudes, isotropic
in spin direction (P

1

; the default choice used in LIGO
analyses2); uniform in individual masses and rotational
energy of the BHs, isotropic in spin direction (P

2

); uni-
form in individual masses, spin vectors uniform in volume
(P

3

, volumetric); uniform in individual masses, bimodal
in spin magnitudes P (�i) / exp[�(�i � µ

1

)2/(2�2)] +
exp[�(�i � µ

2

)2/(2�2)] with µ
1

= 0, µ
2

= 0.89,� = 0.1,
isotropic in spin directions (P

4

) [52–54]; uniform in indi-
vidual masses and spin magnitude, peaked around align-
ment for spin direction P (✓i) / exp[�(cos ✓i � µ)2/2�2]
where µ = 1,� = 1 � cos(10�) (P

5

; c.f. [29], which sug-
gested these parameters could be inferred with O(50) ob-
servations); power law in primary’s mass P (m

1

) / m↵

with ↵ = �2.3 (as in Kroupa’s initial mass function for
massive stars [55], c.f. also [56] and references therein),
uniform in secondary’s mass, uniform in spin magni-
tude, isotropic in spin direction (P

6

); power law in m
1

with ↵ = �2.3, logistic prior in the mass ratio P (q) /

2 This is essentially the same prior used in [4–7, 9, 35] apart from
the Mc, q and �i limitations required by the ROQ implementa-
tion.

What prior knowledge could 
go into a black hole analysis?

Kroupa 2001, Bastian+ 2010

Spruit 2002,  Fuller+ 2015

Miller & Miller 2015

Hut 1981, Belczynski+ 2008, DG+ 2013
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FIG. 1. Marginalized prior and posterior distributions on �
e↵

for each of the current GW events. Dashed black line shows
results obtained with canonical prior choice P

1

(uniform in masses, spin magnitude and isotropic in spin directions), while
lighter colored lines shows our alternative prior assumptions P

2

� P
8

. In particular, the event GW150914 is compatible with
non spinning BHs, while �

e↵

< 0 is excluded at the 99% credible level for GW151226 for all prior choices.

FIG. 2. Posterior distribution for the individual masses m
1

and m2 (with m
2

< m
1

) derived using the canonical prior P
1

and two other choices motivated by stellar physics (P
6

and
P
7

). For GW151226, the region m
2

< 5M
�

is excluded at
> 99% probability for both P

6

and P
7

.

larger prior support for binary mass ratio close to unity
compared to P

1

. This additional weight at comparable
masses has a visible e↵ect on the posteriors. While pre-
senting odds similar to P

1

, the resulting posterior distri-
butions for P

6

and P
7

now prefer the region closer to the
m

1

= m
2

line in Fig. 2. In particular, when GW151226

is analyzed with any of these two priors, the 99% cred-
ible interval for the source-frame mass of the secondary
object is above 5M

�

.

This point is of striking astrophysical importance.
Electromagnetic observations of neutron stars and
stellar-mass BHs (c.f. [39] and references therein) hint at
a putative mass gap between highest neutron star masses
(m . 3M

�

) and the lowest BH masses (m & 5M
�

). Cur-
rent measurements, however, are not conclusive since the
lack of BHs at lower masses could be entirely due to
selection e↵ects [57]. The confirmation or exclusion of
the mass gap by GW observations is expected to provide
unique insights on stellar collapse and compact-object
formation [58]. Figure 2 shows that, when analyzed with
priors motivated by stellar physics like Kroupa’s initial
mass function, GW data for GW151226 are fully consis-
tent with the existence of a mass gap. Both P

6

and P
7

are slightly favored over the default prior, with O ⇡ 2.5.
A careful considerations of priors may thus be important
to securely discriminate between BHs and neutron stars
[59–63] and thus establish the presence of the mass gap
between the two classes of sources.

Finally, we have verified that the marginalized chirp
mass posteriors are stable over the change of priors. For
GW150914, all cases except P

5

(which however presents
lower odds, see Table I) yield posterior medians within
a ⇠ 0.5M

�

interval. The median for P
5

is 1M
�

larger
than that of P

1

(for comparison the 90% credible interval
for the P

1

run is ⇠ 3M
�

). For GW151226, all runs yield
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non spinning BHs, while �
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< 0 is excluded at the 99% credible level for GW151226 for all prior choices.
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and
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�

is excluded at
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. This additional weight at comparable
masses has a visible e↵ect on the posteriors. While pre-
senting odds similar to P
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, the resulting posterior distri-
butions for P
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and P
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line in Fig. 2. In particular, when GW151226

is analyzed with any of these two priors, the 99% cred-
ible interval for the source-frame mass of the secondary
object is above 5M

�

.

This point is of striking astrophysical importance.
Electromagnetic observations of neutron stars and
stellar-mass BHs (c.f. [39] and references therein) hint at
a putative mass gap between highest neutron star masses
(m . 3M

�

) and the lowest BH masses (m & 5M
�

). Cur-
rent measurements, however, are not conclusive since the
lack of BHs at lower masses could be entirely due to
selection e↵ects [57]. The confirmation or exclusion of
the mass gap by GW observations is expected to provide
unique insights on stellar collapse and compact-object
formation [58]. Figure 2 shows that, when analyzed with
priors motivated by stellar physics like Kroupa’s initial
mass function, GW data for GW151226 are fully consis-
tent with the existence of a mass gap. Both P

6

and P
7

are slightly favored over the default prior, with O ⇡ 2.5.
A careful considerations of priors may thus be important
to securely discriminate between BHs and neutron stars
[59–63] and thus establish the presence of the mass gap
between the two classes of sources.

Finally, we have verified that the marginalized chirp
mass posteriors are stable over the change of priors. For
GW150914, all cases except P

5

(which however presents
lower odds, see Table I) yield posterior medians within
a ⇠ 0.5M

�

interval. The median for P
5

is 1M
�

larger
than that of P

1

(for comparison the 90% credible interval
for the P

1

run is ⇠ 3M
�

). For GW151226, all runs yield

Let’s give it a try
2

ments may be di↵erent from those at formation, which
are needed to discriminate formation channels [39]. For-
tunately, isotropic spin distributions are kept isotropic
when evolved under the 2PN spin precession equations
[39–41], and the impact of this issue on the usual prior
can be neglected (but see P

5

below).
Despite being at first sight reasonable, the isotropic

spin prior distribution carries important astrophysical
consequences. Is it generally believed that binaries
formed in isolation in the galactic field will have, on aver-
age, some tendency towards spins aligned with the orbital
angular momentum. On the other hand, spin directions
of binaries formed via dynamical interactions in stellar
clusters are expected to be isotropically distributed. We
are therefore in a risky situation: we may be biasing our
astrophysical inference by assuming a-priori one of the
models we try to discriminate.

A similar note can be made regarding the choice of
distributing spins uniformly in magnitude. If we were
to base our previous knowledge on other observed BH
systems, then moderately high spins should be favored
as found in most X-ray binaries [42]. On the other hand,
core-envelope interactions in massive stars may produce
BHs with small spins [43, 44] (and it has been suggested
that primordial BH spins should also be low [45]). One
may therefore want to choose a prior which is peaked at
either low or high spins, or perhaps even bimodal. An
agnostic approach would be to consider the BH spins
as vectors and draw them uniformly in volume, rather
than uniformly in magnitude and isotropic in direction.
Alternatively, one might naively assume black holes form
in situations where a random amount of energy goes into
the spin, and draw uniformly in specific rotational energy

E
rot

⌘ 1 �
q

1 +
p

1 � �2/
p

2.

The spin parameter which is measured best (arguably
the only spin parameter which is currently measured at
all [6, 7]) is the so-called e↵ective spin1

�
e↵

=
S
1

/m
1

+ S
2

/m
2

m
1

+ m
2

·L̂ =
�
1

cos ✓
1

+ q�
2

cos ✓
2

1 + q
, (1)

where q = m
2

/m
1

 1 is the mass ratio, and ✓i =
arccos(Ŝi · L̂) are the angles between the spins Si and
the binary’s orbital angular momentum L̂. It is clear
from Eq. (1) that the mass ratio, spin magnitude and
spin direction priors are all entangled in determining the
prior distribution of �

e↵

.

Prior choices– In order to explore some of these issues
and gauge the impact of priors on Bayesian inference,
we have reanalyzed the BH coalescences detected by
LIGO during its first observing run (O1) using a vari-
ety of alternative prior distributions. Results have been

1 �
e↵

is a constant of motion at 2PN [46] and is therefore largely
una↵ected by the aforementioned issue on the reference fre-
quency.

Individual masses Spin magnitude Spin Direction

P
1

Uniform Uniform Isotropic

P
2

Uniform Uniform in E
rot

Isotropic

P
3

Uniform Volumetric Isotropic

P
4

Uniform N (0,0.1)+N (0.89,0.1) Isotropic

P
5

Uniform Uniform N (0,10�)

P
6

Power law Uniform Isotropic

P
7

Logistic Uniform Isotropic

P
8

Uniform N (0,0.1) Isotropic

TABLE I. Mass and spin priors used in this analysis; detailed
expressions are provided in the text.

obtained using the nested sampling algorithm imple-
mented in LALInference [8] and a reduced-order quadra-
ture (ROQ) [47] implementation of the IMRPhenomPv2

waveform model, which partially accounts for spin pre-
cession e↵ects through a single parameter �

p

[48]. We
restrict our study to (detector-frame [49]) chirp masses
8M

�

 Mc  45M
�

, mass ratios q � 1/8 and dimension-
less spin magnitudes �i  0.89 [47]. These restrictions
are not a problem for our study since for none of the
runs we performed the posterior distributions had sup-
port near these boundaries. We have analyzed the 32-
second dataframes publicly released at losc.ligo.org,
using the BayesWave algorithm [50, 51] to estimate the
on-source power spectral density needed for the likeli-
hood evaluations [8], marginalizing over calibration un-
certainties as in [6, 7].

Each event was analyzed multiple times, using one of
the following priors (see Table I for a summary): uni-
form in individual masses and spin magnitudes, isotropic
in spin direction (P

1

; the default choice used in LIGO
analyses2); uniform in individual masses and rotational
energy of the BHs, isotropic in spin direction (P

2

); uni-
form in individual masses, spin vectors uniform in volume
(P

3

, volumetric); uniform in individual masses, bimodal
in spin magnitudes P (�i) / exp[�(�i � µ

1

)2/(2�2)] +
exp[�(�i � µ

2

)2/(2�2)] with µ
1

= 0, µ
2

= 0.89,� = 0.1,
isotropic in spin directions (P

4

) [52–54]; uniform in indi-
vidual masses and spin magnitude, peaked around align-
ment for spin direction P (✓i) / exp[�(cos ✓i � µ)2/2�2]
where µ = 1,� = 1 � cos(10�) (P

5

; c.f. [29], which sug-
gested these parameters could be inferred with O(50) ob-
servations); power law in primary’s mass P (m

1

) / m↵

with ↵ = �2.3 (as in Kroupa’s initial mass function for
massive stars [55], c.f. also [56] and references therein),
uniform in secondary’s mass, uniform in spin magni-
tude, isotropic in spin direction (P

6

); power law in m
1

with ↵ = �2.3, logistic prior in the mass ratio P (q) /

2 This is essentially the same prior used in [4–7, 9, 35] apart from
the Mc, q and �i limitations required by the ROQ implementa-
tion.

Note: this is the very first 
independent reanalysis of 
the LIGO data. 

Equally good 

Default: everything is uniform and isotropic 
Spins uniform in BH rotational energy 
Spins uniform in volume  
Bimodal in the spin magnitudes 
Spins preferentially aligned 
Stellar initial mass function 
Stellar initial mass function v2 
Small spin magnitudes 
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P
2

1.36 0.06 -0.3 1.78 0.04 0.0 0.89 0.05 -0.1

P
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P
4
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P
5

4.21 1.75 -1.7 0.82 0.21 0.0 0.22 0.07 0.5

P
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P
7

0.93 0.06 0.4 2.63 0.02 0.4 0.26 0.01 0.5

P
8

0.14 0.07 0.3 4.82 0.70 -1.7 0.03 0.02 -0.1

TABLE II. For each of the three O1 events, we show the KL
divergence D

KL

on (i) �
e↵

and (ii) �
p

measuring the infor-
mation gain between prior to posterior in bits, and (iii) the
Bayesian odds ratio log

10

O of each single analysis Pn com-
pared to the standard one P

1

. Pn (P
1

) is preferred if log
10

O
is positive (negative). For comparison, the KL divergence be-
tween the �

e↵

P
1

prior and a uniform distribution over the
same range is 0.82 bits. The log odds have an uncertainty of
±0.1.

1/{1 + exp[�k(q � q
0

)]} with k = 20, q
0

= 0.8 (this is
meant to mimic numerical results of BH mergers in glob-
ular clusters [57]), uniform in spin magnitude, isotropic
in spin direction (P

7

); uniform in individual masses,
Gaussian around zero for dimensionless spin magnitude
P (�i) / exp[�(�i � µ)2/(2�2)] with µ = 0,� = 0.1 (P

8

).

Spins – Marginalized prior and posterior distributions in
�
e↵

are shown in Fig. 1. Table II shows the correspond-
ing values of the Kullback-Leibler (KL) divergence [58] (a
measurement of the information gain between prior and
posterior, or equivalently the relative entropy between
two distributions) for both spin parameters �

e↵

and �
p

,
together with the odds ratio log

10

O between the poste-
riors obtained with each of our choice Pn and the default
analysis P

1

.
For GW150914, all results are compatible with zero

�
e↵

, which might come from a combination of small spins
or in-plane spins, see Eq. (1). Small spin magnitudes
are preferred for some prior choices. The bimodal prior
P
4

is particularly interesting: when restricted to choose
between high and low spins only, the data clearly fa-
vor the low spin mode for both objects, with p(�

1

<
0.3) = 0.78, p(�

2

< 0.3) = 0.68. If aligned spins are
assumed (P

5

), the posterior distribution still peaks close
to the non-spinning configuration �

e↵

= 0 with high in-
formation gain (D�eff

KL

⇠ 4.2, D
�p

KL

⇠ 1.7) but low odds
(O ⇠ 0.02), thus suggesting the algorithm cannot model
the data equally well if both tilts are low. Together, these
observations indicate that the conclusion that �i . 0.3
for GW150914 is robust to changes in the prior.

Conversely, for GW151226 all priors exclude �
e↵

 0
at the 99% credible level, thus confirming with extremely
high significance that at least one of the two BHs was
spinning [5]. The bimodal prior P

4

in this case favors

the high spin mode for the spin of the heavier BH, while
both modes are equally likely for the less massive ob-
ject: p(�

1

> 0.445) = 0.83; p(�
2

> 0.445) = 0.59 [but
p(�

1

< 0.445 [ �
2

< 0.445) < 0.01]. The case of the
aligned-spin prior P

5

presents important astrophysical
consequences. With odds very similar to the P

1

run,
P
5

allows for posterior values of �
e↵

as large as 0.49 at
the 90% credible level, thus allowing for moderately large
spin magnitudes. Interestingly, priors P

6

and P
7

lead to
narrower posteriors compared to P

1

, as they both place
more support in the q . 1 region, thus partly breaking
the q-�

e↵

degeneracy [7]. This e↵ect is less important for
GW150914 because of its higher total mass.

Finally, prior e↵ects are even more pronounced for
LVT151012. This is not surprising, as its lower signal-to-
noise ratio indicates the data are less informative. In par-
ticular, two modes appear to be present in the marginal-
ized posterior of the e↵ective spin, located at �

e↵

⇠ 0 and
�
e↵

⇠ 0.5 respectively. Which of the two modes is pre-
ferred depends on the prior distribution: P

4

, P
6

, P
7

and
P
8

prefer the low-�
e↵

mode, while P
2

, P
3

and especially
P
5

favor higher values of �
e↵

.
As shown in Table II, the values of D

�p

KL

are close to
zero for most priors and all events, thus indicating the
�
p

prior distribution is typically returned as a posterior
almost unchanged by the data. As already mentioned,
an exception is P

5

for GW150914, which however is dis-
favored at O ⇠ 0.02. For GW151226, the P4 prior yields
a posterior on �

p

which is quite di↵erent from the prior,
D

�p

KL

= 0.7 bits, and models that data comparably well.
This happens because the prior of the spins magnitude
is bimodal, while the posterior prefer the high spin mode
for the primary.

Since values of both the (detector-frame) masses and
of �

e↵

are similar, we expect the most recent event
GW170104 to present the same trends as GW150914
(perhaps with broader posterior distributions due to the
lower signal-to-noise ratio). We verified this by con-
structing a software replica of GW170104 with param-
eters consistent to those presented in [6] and simulating
its noise power spectral density using the same method
as [59]. Variations in the 90% credible interval to �

e↵

of
up to ⇠ 30% are observed: while priors which include
both high and misaligned spins all return 90% credi-
ble intervals of �0.4 . �

e↵

. 0.1, inference with the
low-spin prior P

8

returns �0.07 < �
e↵

< 0.05, while
0.03 < �

e↵

< 0.23 if aligned spins are assumed (P
5

).

Component masses– Di↵erent choices for the component
mass priors also carry important astrophysical implica-
tions. Figure 2 shows posterior distributions of the two
BH masses for the three O1 events using the default
P
1

prior,3 as well as P
6

and P
7

. Both P
6

and P
7

have

3 We notice that the P
1

posteriors on LVT151012 are wider than
those presented in [7]. This is due to di↵erences in the way the
power spectral density was estimated compared to this analysis.
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TABLE II. For each of the three O1 events, we show the KL
divergence D

KL

on (i) �
e↵

and (ii) �
p

measuring the infor-
mation gain between prior to posterior in bits, and (iii) the
Bayesian odds ratio log

10

O of each single analysis Pn com-
pared to the standard one P

1

. Pn (P
1

) is preferred if log
10

O
is positive (negative). For comparison, the KL divergence be-
tween the �

e↵

P
1

prior and a uniform distribution over the
same range is 0.82 bits. The log odds have an uncertainty of
±0.1.

1/{1 + exp[�k(q � q
0

)]} with k = 20, q
0

= 0.8 (this is
meant to mimic numerical results of BH mergers in glob-
ular clusters [57]), uniform in spin magnitude, isotropic
in spin direction (P

7

); uniform in individual masses,
Gaussian around zero for dimensionless spin magnitude
P (�i) / exp[�(�i � µ)2/(2�2)] with µ = 0,� = 0.1 (P

8

).

Spins – Marginalized prior and posterior distributions in
�
e↵

are shown in Fig. 1. Table II shows the correspond-
ing values of the Kullback-Leibler (KL) divergence [58] (a
measurement of the information gain between prior and
posterior, or equivalently the relative entropy between
two distributions) for both spin parameters �

e↵

and �
p

,
together with the odds ratio log

10

O between the poste-
riors obtained with each of our choice Pn and the default
analysis P

1

.
For GW150914, all results are compatible with zero

�
e↵

, which might come from a combination of small spins
or in-plane spins, see Eq. (1). Small spin magnitudes
are preferred for some prior choices. The bimodal prior
P
4

is particularly interesting: when restricted to choose
between high and low spins only, the data clearly fa-
vor the low spin mode for both objects, with p(�

1

<
0.3) = 0.78, p(�

2

< 0.3) = 0.68. If aligned spins are
assumed (P

5

), the posterior distribution still peaks close
to the non-spinning configuration �

e↵

= 0 with high in-
formation gain (D�eff

KL

⇠ 4.2, D
�p

KL

⇠ 1.7) but low odds
(O ⇠ 0.02), thus suggesting the algorithm cannot model
the data equally well if both tilts are low. Together, these
observations indicate that the conclusion that �i . 0.3
for GW150914 is robust to changes in the prior.

Conversely, for GW151226 all priors exclude �
e↵

 0
at the 99% credible level, thus confirming with extremely
high significance that at least one of the two BHs was
spinning [5]. The bimodal prior P

4

in this case favors

the high spin mode for the spin of the heavier BH, while
both modes are equally likely for the less massive ob-
ject: p(�

1

> 0.445) = 0.83; p(�
2

> 0.445) = 0.59 [but
p(�

1

< 0.445 [ �
2

< 0.445) < 0.01]. The case of the
aligned-spin prior P

5

presents important astrophysical
consequences. With odds very similar to the P

1

run,
P
5

allows for posterior values of �
e↵

as large as 0.49 at
the 90% credible level, thus allowing for moderately large
spin magnitudes. Interestingly, priors P

6

and P
7

lead to
narrower posteriors compared to P

1

, as they both place
more support in the q . 1 region, thus partly breaking
the q-�

e↵

degeneracy [7]. This e↵ect is less important for
GW150914 because of its higher total mass.

Finally, prior e↵ects are even more pronounced for
LVT151012. This is not surprising, as its lower signal-to-
noise ratio indicates the data are less informative. In par-
ticular, two modes appear to be present in the marginal-
ized posterior of the e↵ective spin, located at �

e↵

⇠ 0 and
�
e↵

⇠ 0.5 respectively. Which of the two modes is pre-
ferred depends on the prior distribution: P

4

, P
6

, P
7

and
P
8

prefer the low-�
e↵

mode, while P
2

, P
3

and especially
P
5

favor higher values of �
e↵

.
As shown in Table II, the values of D

�p

KL

are close to
zero for most priors and all events, thus indicating the
�
p

prior distribution is typically returned as a posterior
almost unchanged by the data. As already mentioned,
an exception is P

5

for GW150914, which however is dis-
favored at O ⇠ 0.02. For GW151226, the P4 prior yields
a posterior on �

p

which is quite di↵erent from the prior,
D

�p

KL

= 0.7 bits, and models that data comparably well.
This happens because the prior of the spins magnitude
is bimodal, while the posterior prefer the high spin mode
for the primary.

Since values of both the (detector-frame) masses and
of �

e↵

are similar, we expect the most recent event
GW170104 to present the same trends as GW150914
(perhaps with broader posterior distributions due to the
lower signal-to-noise ratio). We verified this by con-
structing a software replica of GW170104 with param-
eters consistent to those presented in [6] and simulating
its noise power spectral density using the same method
as [59]. Variations in the 90% credible interval to �

e↵

of
up to ⇠ 30% are observed: while priors which include
both high and misaligned spins all return 90% credi-
ble intervals of �0.4 . �
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. 0.1, inference with the
low-spin prior P

8

returns �0.07 < �
e↵

< 0.05, while
0.03 < �

e↵

< 0.23 if aligned spins are assumed (P
5

).

Component masses– Di↵erent choices for the component
mass priors also carry important astrophysical implica-
tions. Figure 2 shows posterior distributions of the two
BH masses for the three O1 events using the default
P
1

prior,3 as well as P
6

and P
7

. Both P
6

and P
7

have

3 We notice that the P
1

posteriors on LVT151012 are wider than
those presented in [7]. This is due to di↵erences in the way the
power spectral density was estimated compared to this analysis.
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mation gain between prior to posterior in bits, and (iii) the
Bayesian odds ratio log
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same range is 0.82 bits. The log odds have an uncertainty of
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= 0.8 (this is
meant to mimic numerical results of BH mergers in glob-
ular clusters [57]), uniform in spin magnitude, isotropic
in spin direction (P
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); uniform in individual masses,
Gaussian around zero for dimensionless spin magnitude
P (�i) / exp[�(�i � µ)2/(2�2)] with µ = 0,� = 0.1 (P
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).

Spins – Marginalized prior and posterior distributions in
�
e↵

are shown in Fig. 1. Table II shows the correspond-
ing values of the Kullback-Leibler (KL) divergence [58] (a
measurement of the information gain between prior and
posterior, or equivalently the relative entropy between
two distributions) for both spin parameters �
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and �
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,
together with the odds ratio log
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O between the poste-
riors obtained with each of our choice Pn and the default
analysis P
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.
For GW150914, all results are compatible with zero
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, which might come from a combination of small spins
or in-plane spins, see Eq. (1). Small spin magnitudes
are preferred for some prior choices. The bimodal prior
P
4

is particularly interesting: when restricted to choose
between high and low spins only, the data clearly fa-
vor the low spin mode for both objects, with p(�

1

<
0.3) = 0.78, p(�

2

< 0.3) = 0.68. If aligned spins are
assumed (P
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), the posterior distribution still peaks close
to the non-spinning configuration �
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= 0 with high in-
formation gain (D�eff

KL

⇠ 4.2, D
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⇠ 1.7) but low odds
(O ⇠ 0.02), thus suggesting the algorithm cannot model
the data equally well if both tilts are low. Together, these
observations indicate that the conclusion that �i . 0.3
for GW150914 is robust to changes in the prior.

Conversely, for GW151226 all priors exclude �
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 0
at the 99% credible level, thus confirming with extremely
high significance that at least one of the two BHs was
spinning [5]. The bimodal prior P

4

in this case favors

the high spin mode for the spin of the heavier BH, while
both modes are equally likely for the less massive ob-
ject: p(�
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> 0.445) = 0.83; p(�
2

> 0.445) = 0.59 [but
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< 0.445 [ �
2

< 0.445) < 0.01]. The case of the
aligned-spin prior P

5

presents important astrophysical
consequences. With odds very similar to the P
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run,
P
5

allows for posterior values of �
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as large as 0.49 at
the 90% credible level, thus allowing for moderately large
spin magnitudes. Interestingly, priors P

6

and P
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lead to
narrower posteriors compared to P

1

, as they both place
more support in the q . 1 region, thus partly breaking
the q-�
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degeneracy [7]. This e↵ect is less important for
GW150914 because of its higher total mass.

Finally, prior e↵ects are even more pronounced for
LVT151012. This is not surprising, as its lower signal-to-
noise ratio indicates the data are less informative. In par-
ticular, two modes appear to be present in the marginal-
ized posterior of the e↵ective spin, located at �
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⇠ 0 and
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⇠ 0.5 respectively. Which of the two modes is pre-
ferred depends on the prior distribution: P
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and
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mode, while P
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and especially
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favor higher values of �
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.
As shown in Table II, the values of D
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are close to
zero for most priors and all events, thus indicating the
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prior distribution is typically returned as a posterior
almost unchanged by the data. As already mentioned,
an exception is P

5

for GW150914, which however is dis-
favored at O ⇠ 0.02. For GW151226, the P4 prior yields
a posterior on �
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which is quite di↵erent from the prior,
D
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= 0.7 bits, and models that data comparably well.
This happens because the prior of the spins magnitude
is bimodal, while the posterior prefer the high spin mode
for the primary.

Since values of both the (detector-frame) masses and
of �
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are similar, we expect the most recent event
GW170104 to present the same trends as GW150914
(perhaps with broader posterior distributions due to the
lower signal-to-noise ratio). We verified this by con-
structing a software replica of GW170104 with param-
eters consistent to those presented in [6] and simulating
its noise power spectral density using the same method
as [59]. Variations in the 90% credible interval to �
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of
up to ⇠ 30% are observed: while priors which include
both high and misaligned spins all return 90% credi-
ble intervals of �0.4 . �
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. 0.1, inference with the
low-spin prior P
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returns �0.07 < �
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< 0.05, while
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< 0.23 if aligned spins are assumed (P
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).

Component masses– Di↵erent choices for the component
mass priors also carry important astrophysical implica-
tions. Figure 2 shows posterior distributions of the two
BH masses for the three O1 events using the default
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prior,3 as well as P
6

and P
7

. Both P
6

and P
7

have

3 We notice that the P
1

posteriors on LVT151012 are wider than
those presented in [7]. This is due to di↵erences in the way the
power spectral density was estimated compared to this analysis.
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GW150914 GW151226 LVT151012

D�eff
KL

D
�p
KL

log
10

O D�eff
KL

D
�p
KL

log
10

O D�eff
KL

D
�p
KL

log
10

O
P
1

1.02 0.03 — 1.93 0.21 — 0.53 0.03 —

P
2

1.36 0.06 -0.3 1.78 0.04 0.0 0.89 0.05 -0.1

P
3

1.52 0.09 -0.4 1.76 0.02 0.0 0.95 0.04 0.0

P
4

0.88 0.12 0.0 2.56 0.70 -0.1 0.61 0.12 -0.1

P
5

4.21 1.75 -1.7 0.82 0.21 0.0 0.22 0.07 0.5

P
6

0.96 0.01 0.1 2.12 0.08 0.4 0.24 0.00 0.4

P
7

0.93 0.06 0.4 2.63 0.02 0.4 0.26 0.01 0.5

P
8

0.14 0.07 0.3 4.82 0.70 -1.7 0.03 0.02 -0.1

TABLE II. For each of the three O1 events, we show the KL
divergence D

KL

on (i) �
e↵

and (ii) �
p

measuring the infor-
mation gain between prior to posterior in bits, and (iii) the
Bayesian odds ratio log

10

O of each single analysis Pn com-
pared to the standard one P

1

. Pn (P
1

) is preferred if log
10

O
is positive (negative). For comparison, the KL divergence be-
tween the �

e↵

P
1

prior and a uniform distribution over the
same range is 0.82 bits. The log odds have an uncertainty of
±0.1.

1/{1 + exp[�k(q � q
0

)]} with k = 20, q
0

= 0.8 (this is
meant to mimic numerical results of BH mergers in glob-
ular clusters [57]), uniform in spin magnitude, isotropic
in spin direction (P

7

); uniform in individual masses,
Gaussian around zero for dimensionless spin magnitude
P (�i) / exp[�(�i � µ)2/(2�2)] with µ = 0,� = 0.1 (P

8

).

Spins – Marginalized prior and posterior distributions in
�
e↵

are shown in Fig. 1. Table II shows the correspond-
ing values of the Kullback-Leibler (KL) divergence [58] (a
measurement of the information gain between prior and
posterior, or equivalently the relative entropy between
two distributions) for both spin parameters �

e↵

and �
p

,
together with the odds ratio log

10

O between the poste-
riors obtained with each of our choice Pn and the default
analysis P

1

.
For GW150914, all results are compatible with zero

�
e↵

, which might come from a combination of small spins
or in-plane spins, see Eq. (1). Small spin magnitudes
are preferred for some prior choices. The bimodal prior
P
4

is particularly interesting: when restricted to choose
between high and low spins only, the data clearly fa-
vor the low spin mode for both objects, with p(�

1

<
0.3) = 0.78, p(�

2

< 0.3) = 0.68. If aligned spins are
assumed (P

5

), the posterior distribution still peaks close
to the non-spinning configuration �

e↵

= 0 with high in-
formation gain (D�eff

KL

⇠ 4.2, D
�p

KL

⇠ 1.7) but low odds
(O ⇠ 0.02), thus suggesting the algorithm cannot model
the data equally well if both tilts are low. Together, these
observations indicate that the conclusion that �i . 0.3
for GW150914 is robust to changes in the prior.

Conversely, for GW151226 all priors exclude �
e↵

 0
at the 99% credible level, thus confirming with extremely
high significance that at least one of the two BHs was
spinning [5]. The bimodal prior P

4

in this case favors

the high spin mode for the spin of the heavier BH, while
both modes are equally likely for the less massive ob-
ject: p(�

1

> 0.445) = 0.83; p(�
2

> 0.445) = 0.59 [but
p(�

1

< 0.445 [ �
2

< 0.445) < 0.01]. The case of the
aligned-spin prior P

5

presents important astrophysical
consequences. With odds very similar to the P

1

run,
P
5

allows for posterior values of �
e↵

as large as 0.49 at
the 90% credible level, thus allowing for moderately large
spin magnitudes. Interestingly, priors P

6

and P
7

lead to
narrower posteriors compared to P

1

, as they both place
more support in the q . 1 region, thus partly breaking
the q-�

e↵

degeneracy [7]. This e↵ect is less important for
GW150914 because of its higher total mass.

Finally, prior e↵ects are even more pronounced for
LVT151012. This is not surprising, as its lower signal-to-
noise ratio indicates the data are less informative. In par-
ticular, two modes appear to be present in the marginal-
ized posterior of the e↵ective spin, located at �

e↵

⇠ 0 and
�
e↵

⇠ 0.5 respectively. Which of the two modes is pre-
ferred depends on the prior distribution: P

4

, P
6

, P
7

and
P
8

prefer the low-�
e↵

mode, while P
2

, P
3

and especially
P
5

favor higher values of �
e↵

.
As shown in Table II, the values of D

�p

KL

are close to
zero for most priors and all events, thus indicating the
�
p

prior distribution is typically returned as a posterior
almost unchanged by the data. As already mentioned,
an exception is P

5

for GW150914, which however is dis-
favored at O ⇠ 0.02. For GW151226, the P4 prior yields
a posterior on �

p

which is quite di↵erent from the prior,
D

�p

KL

= 0.7 bits, and models that data comparably well.
This happens because the prior of the spins magnitude
is bimodal, while the posterior prefer the high spin mode
for the primary.

Since values of both the (detector-frame) masses and
of �

e↵

are similar, we expect the most recent event
GW170104 to present the same trends as GW150914
(perhaps with broader posterior distributions due to the
lower signal-to-noise ratio). We verified this by con-
structing a software replica of GW170104 with param-
eters consistent to those presented in [6] and simulating
its noise power spectral density using the same method
as [59]. Variations in the 90% credible interval to �

e↵

of
up to ⇠ 30% are observed: while priors which include
both high and misaligned spins all return 90% credi-
ble intervals of �0.4 . �

e↵

. 0.1, inference with the
low-spin prior P

8

returns �0.07 < �
e↵

< 0.05, while
0.03 < �

e↵

< 0.23 if aligned spins are assumed (P
5

).

Component masses– Di↵erent choices for the component
mass priors also carry important astrophysical implica-
tions. Figure 2 shows posterior distributions of the two
BH masses for the three O1 events using the default
P
1

prior,3 as well as P
6

and P
7

. Both P
6

and P
7

have

3 We notice that the P
1

posteriors on LVT151012 are wider than
those presented in [7]. This is due to di↵erences in the way the
power spectral density was estimated compared to this analysis.

GW150914   GW151226   LVT151012 
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Impact on inferred BH spins

• GW151226 not consistent with zero spins (robust!) 
• The bimodal spin prior choses the high spin mode. 

Support misalignment. 
• All others fully consistent with zero spins (robust!) 
• More severe issues for low SNR like LVT
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FIG. 1. Marginalized prior and posterior distributions on �
e↵

for each of the current GW events. Dashed black line shows
results obtained with canonical prior choice P

1

(uniform in masses, spin magnitude and isotropic in spin directions), while
lighter colored lines shows our alternative prior assumptions P

2

� P
8

. In particular, the event GW150914 is compatible with
non spinning BHs, while �

e↵

< 0 is excluded at the 99% credible level for GW151226 for all prior choices.

FIG. 2. Posterior distribution for the individual masses m
1

and m2 (with m
2

< m
1

) derived using the canonical prior P
1

and two other choices motivated by stellar physics (P
6

and
P
7

). For GW151226, the region m
2

< 5M
�

is excluded at
> 99% probability for both P

6

and P
7

.

larger prior support for binary mass ratio close to unity
compared to P

1

. This additional weight at comparable
masses has a visible e↵ect on the posteriors. While pre-
senting odds similar to P

1

, the resulting posterior distri-
butions for P

6

and P
7

now prefer the region closer to the
m

1

= m
2

line in Fig. 2. In particular, when GW151226

is analyzed with any of these two priors, the 99% cred-
ible interval for the source-frame mass of the secondary
object is above 5M

�

.

This point is of striking astrophysical importance.
Electromagnetic observations of neutron stars and
stellar-mass BHs (c.f. [39] and references therein) hint at
a putative mass gap between highest neutron star masses
(m . 3M

�

) and the lowest BH masses (m & 5M
�

). Cur-
rent measurements, however, are not conclusive since the
lack of BHs at lower masses could be entirely due to
selection e↵ects [57]. The confirmation or exclusion of
the mass gap by GW observations is expected to provide
unique insights on stellar collapse and compact-object
formation [58]. Figure 2 shows that, when analyzed with
priors motivated by stellar physics like Kroupa’s initial
mass function, GW data for GW151226 are fully consis-
tent with the existence of a mass gap. Both P

6

and P
7

are slightly favored over the default prior, with O ⇡ 2.5.
A careful considerations of priors may thus be important
to securely discriminate between BHs and neutron stars
[59–63] and thus establish the presence of the mass gap
between the two classes of sources.

Finally, we have verified that the marginalized chirp
mass posteriors are stable over the change of priors. For
GW150914, all cases except P

5

(which however presents
lower odds, see Table I) yield posterior medians within
a ⇠ 0.5M

�

interval. The median for P
5

is 1M
�

larger
than that of P

1

(for comparison the 90% credible interval
for the P

1

run is ⇠ 3M
�

). For GW151226, all runs yield

Vitale, DG+ 2017

Variations in the 90% 
confidence interval 

up to ~20%!
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FIG. 1. Marginalized prior and posterior distributions on �
e↵

for each of the current GW events. Dashed black line shows
results obtained with canonical prior choice P

1

(uniform in masses, spin magnitude and isotropic in spin directions), while
lighter colored lines shows our alternative prior assumptions P

2

� P
8

. In particular, the event GW150914 is compatible with
non spinning BHs, while �

e↵

< 0 is excluded at the 99% credible level for GW151226 for all prior choices.
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FIG. 2. Posterior distribution for the individual masses m
1

and m2 (with m
2

< m
1

) derived using the canonical prior P
1

and two other choices motivated by stellar physics (P
6

and
P
7

). For GW151226, the region m
2

< 5M
�

is excluded at
> 99% probability for both P

6

and P
7

.

larger prior support for binary mass ratio close to unity
compared to P

1

. This additional weight at comparable
masses has a visible e↵ect on the posteriors. While pre-
senting odds similar to P

1

, the resulting posterior distri-
butions for P

6

and P
7

now prefer the region closer to the
m

1

= m
2

line in Fig. 2. In particular, when GW151226

is analyzed with any of these two priors, the 99% cred-
ible interval for the source-frame mass of the secondary
object is above 5M

�

.

This point is of striking astrophysical importance.
Electromagnetic observations of neutron stars and
stellar-mass BHs (c.f. [42] and references therein) hint at
a putative mass gap between highest neutron star masses
(m . 3M

�

) and the lowest BH masses (m & 5M
�

). Cur-
rent measurements, however, are not conclusive since the
lack of BHs at lower masses could be entirely due to
selection e↵ects [60]. The confirmation or exclusion of
the mass gap by GW observations is expected to provide
unique insights on stellar collapse and compact-object
formation [61]. Figure 2 shows that, when analyzed with
priors motivated by stellar physics like Kroupa’s initial
mass function, GW data for GW151226 are fully consis-
tent with the existence of a mass gap. Both P

6

and P
7

are slightly favored over the default prior, with O ⇡ 2.5.
A careful considerations of priors may thus be important
to securely discriminate between BHs and neutron stars
[62–67] and thus establish the presence of the mass gap
between the two classes of sources.

Finally, we have verified that the marginalized chirp
mass posteriors are stable over the change of priors. For
GW150914, all cases except P

5

(which however presents
lower odds, see Table I) yield posterior medians within
a ⇠ 0.5M

�

interval. The median for P
5

is 1M
�

larger
than that of P

1

(for comparison the 90% credible interval
for the P

1

run is ⇠ 3M
�

). For GW151226, all runs yield

Impact on inferred BH masses

• Data tends to favor more equal 
mass systems 

• …especially if info from dynamical 
interactions are in 

Vitale, DG+ 2017

Default: everything is uniform and isotropic 
Stellar IMF, uniform mass ratio 
Stellar IMF, logistic mass ratio 
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FIG. 1. Marginalized prior and posterior distributions on �
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for each of the current GW events. Dashed black line shows
results obtained with canonical prior choice P

1

(uniform in masses, spin magnitude and isotropic in spin directions), while
lighter colored lines shows our alternative prior assumptions P

2

� P
8

. In particular, the event GW150914 is compatible with
non spinning BHs, while �

e↵

< 0 is excluded at the 99% credible level for GW151226 for all prior choices.
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FIG. 2. Posterior distribution for the individual masses m
1

and m2 (with m
2

< m
1

) derived using the canonical prior P
1

and two other choices motivated by stellar physics (P
6

and
P
7

). For GW151226, the region m
2

< 5M
�

is excluded at
> 99% probability for both P

6

and P
7

.

larger prior support for binary mass ratio close to unity
compared to P

1

. This additional weight at comparable
masses has a visible e↵ect on the posteriors. While pre-
senting odds similar to P

1

, the resulting posterior distri-
butions for P

6

and P
7

now prefer the region closer to the
m

1

= m
2

line in Fig. 2. In particular, when GW151226

is analyzed with any of these two priors, the 99% cred-
ible interval for the source-frame mass of the secondary
object is above 5M

�

.

This point is of striking astrophysical importance.
Electromagnetic observations of neutron stars and
stellar-mass BHs (c.f. [42] and references therein) hint at
a putative mass gap between highest neutron star masses
(m . 3M

�

) and the lowest BH masses (m & 5M
�

). Cur-
rent measurements, however, are not conclusive since the
lack of BHs at lower masses could be entirely due to
selection e↵ects [60]. The confirmation or exclusion of
the mass gap by GW observations is expected to provide
unique insights on stellar collapse and compact-object
formation [61]. Figure 2 shows that, when analyzed with
priors motivated by stellar physics like Kroupa’s initial
mass function, GW data for GW151226 are fully consis-
tent with the existence of a mass gap. Both P

6

and P
7

are slightly favored over the default prior, with O ⇡ 2.5.
A careful considerations of priors may thus be important
to securely discriminate between BHs and neutron stars
[62–67] and thus establish the presence of the mass gap
between the two classes of sources.

Finally, we have verified that the marginalized chirp
mass posteriors are stable over the change of priors. For
GW150914, all cases except P

5

(which however presents
lower odds, see Table I) yield posterior medians within
a ⇠ 0.5M

�

interval. The median for P
5

is 1M
�

larger
than that of P

1

(for comparison the 90% credible interval
for the P

1

run is ⇠ 3M
�

). For GW151226, all runs yield

Sana+ 2012

Rodriguez+ 2016

If you insert the analysis the information 
that BH should come from stars:…

• Chirp mass (GW151226 and 
LVT151012), total mass (GW150914) 
are very solid.  

• Median change of 
• But component masses are not

⇠ 0.1M�

Is there a mass gap 
between BHs and NSs?

Miller & Miller 2015; Kreidberg 2012



Astro models should be 
incorporated as priors to 
obtain data constraints, 

then model selection



Was it necessary?

• Used heavily in hierarchical model 
selection, to combine more observations  

• Can be done, but might be dangerous 
• Systematics must be treated carefully 

P (✓|d)
P (d|✓) p(✓)

Z
P (d|✓)p(✓)d✓

=

P (✓|d)
P (d|✓) p(✓)

Z
P (d|✓)p(✓)d✓

=˜ ˜
˜

P̃ (✓|d) / P (✓|d) p̃(✓)

p(✓)

One set of assumptions:

Another one:
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FIG. 1: Priors and the relative significance of large spins Left panel : For a synthetic GW151226-like event, the inferred
cumulative posterior distribution for |�

1

| using a prior P (< |�
i

|) = �
i

(black) and P (< |�
i

|) = �3

i

(red), for i = 1, 2. For
comparison, the two priors are indicated with dotted black and red lines. The posterior probability that this synthetic event
has two significant, precessing spins depends on the prior. Right panel : Inferred cumulative posterior distribution for �

JL

, the
polar angle of L relative to J, for the volumetric prior P (< |�

i

|) = �3

i

. The solid blue line shows the results of repeating a full
PE calculation, including the modified prior. The dotted blue line shows the estimated distribution calculated by weighting
the posterior samples. This synthetic event was generated with parameters similar to GW151226 and analyzed with a PSD
appropriate to GW150914, generated in the manner of [59].

J. The solid line shows the result of a full calculation
with the volumetric prior. The dotted line shows the re-
sult derived using reweighted posterior samples, starting
from the fiducial uniform-magnitude prior. While the
two distributions are approximately consistent in extent,
the two disagree in details. If used uncritically in (hi-
erarchical) model selection, reweighted posterior samples
could lead to biased conclusions about model inference,
and (in the context of our study) to biased conclusions
about the relative impact of model-model systematics.
Of course, a careful treatment of reweighted posterior
systematics would identify this potential problem, and
the need for more samples to insure a reliable answer in
any reweighted application (i.e., the expected variance of
the Monte Carlo integral estimate for P̂ is large, because
p/p

ref

is often large).

C. Model-model comparisons

To quantify the di↵erence between two predicted gravi-
tational waves from the same binary with the same space-
time coordinates and location, we use a standard data-
analysis-motivated figure of merit: the mismatch. Like
other figures of merit, the mismatch is calculated using
an inner product between two (generally complex-valued)
timeseries a(t), b(t):

ha|bi = 2

Z

|f |�fmin

ã

⇤(f) b̃(f)

Sn(|f |)
df , (1)

where Sn(|f |) is the noise power spectral density of a
fiducial detector, fmin is a chosen lower frequency cut-
o↵ (typically a few tens of Hz), and the integral includes

both positive and negative frequencies. Usually these
comparisons also involve parameterized signals a(�, ✓)
and b(�0

, ✓

0), with maximization of the (normalized) in-
ner product P between a, b over some set of parameters
✓:

P (a, b|⇥) = max✓
Re ha(✓)|b(✓0)ip

ha(✓)|a(✓)i hb(✓0)|b(✓0)i
(2)

where ⇥ denotes the names of the parameters in ✓ over
which we maximize. Maximization is asymmetric; we
change the parameters of only one of the two signals, ef-
fectively considering the other as “the source”. When
the signals a, b are real-valued single-detector response
functions and when ⇥ is time and binary orbital phase,
this expression is known as the match. When the two
signals are real-valued single-detector response functions
and when ⇥ includes all binary parameters, this expres-
sion is known as the fitting factor.
In our comparisons, we fix one of the two timeseries a

generated by model A, as if it was some known detector
response (e.g., from another model’s prediction). The
other timeseries is a predicted single-detector response
b = ReF ⇤

h where F is a complex-valued antenna re-
sponse function and h is the gravitational wave strain.
Ideally, we should evaluate b using model B and precisely
the same intrinsic and extrinsic parameters, calculating
the faithfulness [61]. The precessing models considered in
this work have di↵erent time and phase conventions. In
order to specify the astrophysically equivalent binary to
some configuration as evolved by SEOBNRv3, we need
to adopt a di↵erent event time t; orbital phase �

orb

; and
precession phase �JL. Reconciling the phase conventions
adopted by these models is far beyond the scope of this

Can one just reweigh the posterior to access the likelihood? 

Williamson+ 2017
GW151226-like injection
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GW150914 GW151226 LVT151012

D�eff
KL

D
�p
KL

log
10

O D�eff
KL

D
�p
KL

log
10

O D�eff
KL

D
�p
KL

log
10

O
P
1

1.02 0.03 — 1.93 0.21 — 0.53 0.03 —

P
2

1.36 0.06 -0.3 1.78 0.04 0.0 0.89 0.05 -0.1

P
3

1.52 0.09 -0.4 1.76 0.02 0.0 0.95 0.04 0.0

P
4

0.88 0.12 0.0 2.56 0.70 -0.1 0.61 0.12 -0.1

P
5

4.21 1.75 -1.7 0.82 0.21 0.0 0.22 0.07 0.5

P
6

0.96 0.01 0.1 2.12 0.08 0.4 0.24 0.00 0.4

P
7

0.93 0.06 0.4 2.63 0.02 0.4 0.26 0.01 0.5

P
8

0.14 0.07 0.3 4.82 0.70 -1.7 0.03 0.02 -0.1

TABLE II. For each of the three O1 events, we show the KL
divergence D

KL

on (i) �
e↵

and (ii) �
p

measuring the infor-
mation gain between prior to posterior in bits, and (iii) the
Bayesian odds ratio log

10

O of each single analysis Pn com-
pared to the standard one P

1

. Pn (P
1

) is preferred if log
10

O
is positive (negative). For comparison, the KL divergence be-
tween the �

e↵

P
1

prior and a uniform distribution over the
same range is 0.82 bits. The log odds have an uncertainty of
±0.1.

1/{1 + exp[�k(q � q
0

)]} with k = 20, q
0

= 0.8 (this is
meant to mimic numerical results of BH mergers in glob-
ular clusters [57]), uniform in spin magnitude, isotropic
in spin direction (P

7

); uniform in individual masses,
Gaussian around zero for dimensionless spin magnitude
P (�i) / exp[�(�i � µ)2/(2�2)] with µ = 0,� = 0.1 (P

8

).

Spins – Marginalized prior and posterior distributions in
�
e↵

are shown in Fig. 1. Table II shows the correspond-
ing values of the Kullback-Leibler (KL) divergence [58] (a
measurement of the information gain between prior and
posterior, or equivalently the relative entropy between
two distributions) for both spin parameters �

e↵

and �
p

,
together with the odds ratio log

10

O between the poste-
riors obtained with each of our choice Pn and the default
analysis P

1

.
For GW150914, all results are compatible with zero

�
e↵

, which might come from a combination of small spins
or in-plane spins, see Eq. (1). Small spin magnitudes
are preferred for some prior choices. The bimodal prior
P
4

is particularly interesting: when restricted to choose
between high and low spins only, the data clearly fa-
vor the low spin mode for both objects, with p(�

1

<
0.3) = 0.78, p(�

2

< 0.3) = 0.68. If aligned spins are
assumed (P

5

), the posterior distribution still peaks close
to the non-spinning configuration �

e↵

= 0 with high in-
formation gain (D�eff

KL

⇠ 4.2, D
�p

KL

⇠ 1.7) but low odds
(O ⇠ 0.02), thus suggesting the algorithm cannot model
the data equally well if both tilts are low. Together, these
observations indicate that the conclusion that �i . 0.3
for GW150914 is robust to changes in the prior.

Conversely, for GW151226 all priors exclude �
e↵

 0
at the 99% credible level, thus confirming with extremely
high significance that at least one of the two BHs was
spinning [5]. The bimodal prior P

4

in this case favors

the high spin mode for the spin of the heavier BH, while
both modes are equally likely for the less massive ob-
ject: p(�

1

> 0.445) = 0.83; p(�
2

> 0.445) = 0.59 [but
p(�

1

< 0.445 [ �
2

< 0.445) < 0.01]. The case of the
aligned-spin prior P

5

presents important astrophysical
consequences. With odds very similar to the P

1

run,
P
5

allows for posterior values of �
e↵

as large as 0.49 at
the 90% credible level, thus allowing for moderately large
spin magnitudes. Interestingly, priors P

6

and P
7

lead to
narrower posteriors compared to P

1

, as they both place
more support in the q . 1 region, thus partly breaking
the q-�

e↵

degeneracy [7]. This e↵ect is less important for
GW150914 because of its higher total mass.

Finally, prior e↵ects are even more pronounced for
LVT151012. This is not surprising, as its lower signal-to-
noise ratio indicates the data are less informative. In par-
ticular, two modes appear to be present in the marginal-
ized posterior of the e↵ective spin, located at �

e↵

⇠ 0 and
�
e↵

⇠ 0.5 respectively. Which of the two modes is pre-
ferred depends on the prior distribution: P

4

, P
6

, P
7

and
P
8

prefer the low-�
e↵

mode, while P
2

, P
3

and especially
P
5

favor higher values of �
e↵

.
As shown in Table II, the values of D

�p

KL

are close to
zero for most priors and all events, thus indicating the
�
p

prior distribution is typically returned as a posterior
almost unchanged by the data. As already mentioned,
an exception is P

5

for GW150914, which however is dis-
favored at O ⇠ 0.02. For GW151226, the P4 prior yields
a posterior on �

p

which is quite di↵erent from the prior,
D

�p

KL

= 0.7 bits, and models that data comparably well.
This happens because the prior of the spins magnitude
is bimodal, while the posterior prefer the high spin mode
for the primary.

Since values of both the (detector-frame) masses and
of �

e↵

are similar, we expect the most recent event
GW170104 to present the same trends as GW150914
(perhaps with broader posterior distributions due to the
lower signal-to-noise ratio). We verified this by con-
structing a software replica of GW170104 with param-
eters consistent to those presented in [6] and simulating
its noise power spectral density using the same method
as [59]. Variations in the 90% credible interval to �

e↵

of
up to ⇠ 30% are observed: while priors which include
both high and misaligned spins all return 90% credi-
ble intervals of �0.4 . �

e↵

. 0.1, inference with the
low-spin prior P

8

returns �0.07 < �
e↵

< 0.05, while
0.03 < �

e↵

< 0.23 if aligned spins are assumed (P
5

).

Component masses– Di↵erent choices for the component
mass priors also carry important astrophysical implica-
tions. Figure 2 shows posterior distributions of the two
BH masses for the three O1 events using the default
P
1

prior,3 as well as P
6

and P
7

. Both P
6

and P
7

have

3 We notice that the P
1

posteriors on LVT151012 are wider than
those presented in [7]. This is due to di↵erences in the way the
power spectral density was estimated compared to this analysis.

1�

DKL = 0.72 bit

Kullback-Leibler divergence

P (✓|d)
P (d|✓) p(✓)

Z
P (d|✓)p(✓)d✓

= DKL =

Z
d✓ P (d|✓) ln

✓
P (d|✓)
p(✓)

◆


