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{ 2 {2. X-ray Aperture photometrySuppose C ounts are observed in an \soure" aperture of area AS and B ounts areobserved in a \bakground" aperture of area AB. Further suppose that the soure apertureenloses a fration f of a PSF entered in AS and spills over by a fration g over the bak-ground aperture. Note that these areas need not be irular, onentri, or even ontiguous.The observed ounts are presumed to be generated via a Poisson proess, i.e.,C � Pois(�) � Pois(fs+ b)B � Pois(�) � Pois(gs+ rb) ; (1)where �; � are the Poisson intensities that lead to the observations in the soure and bak-ground apertures respetively, s is the intensity of the soure, and b is the intensity of thebakground normalized to the area of the soure aperture, and r = ABAS is the ratio of thebakground and soure apertures.We seek to determine the posterior probability of s, marginalized over the bakground,p(sjCB) = Z dbp(sbjCB) ; (2)where the integrand on the rhs is the joint posterior probability distribution of s and b.2.1. The Classial CaseIn the high ounts regime, we an approximate s and b by their MLE values, and thuswrite C = fs+ bB = gs+ rb (3)whih leads to the solution s = rC � Brf � gb = fB � gCrf � g ; (4)with errors propagated under an assumption of Gaussian regime,�2(s) = r2C +B(rf � g)2�2(b) = f 2B + g2C(rf � g)2 : (5)



{ 3 {2.2. The Bayesian CalulationFirst note that the variable pairs (�; �) and (s; b) are linear transforms of eah other.Thus, p((��jCB)d�d� = p(sbjCB)J(�; �; s; b)dsdb= p(sbjCB) �����(�; �)�(s; b) ���� dsdb= p(sbjCB)(rf � g)dsdb : (6)Now, the joint posterior probability density p(��jCB) an be written out using Bayes'Theorem as p(��jCB) = p(�)p(�)p(Cj��)p(Bj��)p(CB)� p(�)p(�)p(Cj�)p(Bj�)p(CB) ; (7)where the likelihoods are simpli�ed beause C and B are independent measurements; p(�)and p(�) are priors on the Poisson intensity in the soure and bakground aperture, and weuse -funtions for them, p(�) = �S�S��S�1 e��S��(�S) ; (8)p(�) = �B�B��B�1 e��B��(�B) ; (9)where �S; �B; �S; �B are parameters that de�ne the shape of the funtions. For non-informativepriors, a typial hoie is �S = �B = 1 and �S = �B = 0, representing the information en-oded in an observation of 0 ounts obtained over 0 area.1 For the sake of simpliity, werequire that �S; �B be integers. This is not restritive, beause priors an always be set interms of expeted ounts (�S; �B =expeted ounts+1).The likelihoods are p(Cj�) = �C e���(C + 1) (10)p(Bj�) = �B e���(B + 1) : (11)(12)1Note that this leads to an improper prior, i.e., one that is not normalizable. However, use of suh priorsdoes not imply that the posterior densities are also improper.



{ 4 {The joint posterior (Equation 7) an then be written asp(��jCB) = �C+�S�1�B+�B�1 e��(1+�S)��(1+�B) �1p(CB) �S�S�B�B�(�S)�(�B)�(C + 1)�(B + 1) ; (13)where the normalization fator p(CB) is determined by requiring thatZ 10 d� Z 10 d� p(��jCB) = 1 : (14)Considering that Z 10 dx xA�1 e�xB = �(A)BA ; (15)we have Z 10 d� �C+�S�1 e��(1+�S) = �(C + �S)(1 + �S)C+�S ; and (16)Z 10 d� �B+�B�1 e��(1+�B) = �(B + �B)(1 + �B)B+�B : (17)Therefore, by Equations 13 and 14,p(CB) = �(C + �S)�(B + �B)�S�S�B�B�(�S)�(�B)�(C + 1)�(B + 1)(1 + �S)C+�S(1 + �B)B+�B : (18)(Note that for �S = �B = 1 and �S = �B = 0, the determinate portion of the aboveexpression redues to p(CB) = 1.) With this normalization, Equation 13 redues top(��jCB) = (1 + �S)C+�S(1 + �B)B+�B�(C + �S)�(B + �B) �C+�S�1�B+�B�1 e��(1+�S)��(1+�B) : (19)We hange variables from �; �! s; b (see Equation 6) and writep(��) d� d� = (rf � g) p(�(s; b)�(s; b)jCB) ds db= ds db (rf � g)(1 + �S)C+�S(1 + �B)B+�B�(C + �S)�(B + �B) �(fs+ b)C+�S�1(gs+ rb)B+�B�1 e�(fs+b)(1+�S)�(gs+rb)(1+�B)= ds db (rf � g)(1 + �S)C+�S(1 + �B)B+�B�(C + �S)�(B + �B) �(fs+ b)C+�S�1(gs+ rb)B+�B�1 e�s(f+g+f�S+g�B) e�b(1+r+�S+r�B) : (20)



{ 5 {Thus, the posterior probability of the soure intensity,p(sjCB)ds = ds Z 10 db p(sbjCB)� ds (rf � g)(1 + �S)C+�S(1 + �B)B+�B�(C + �S)�(B + �B) � e�s(f+g+f�S+g�B)Z 10 db (fs+ b)C+�S�1(gs+ rb)B+�B�1 e�b(1+r+�S+r�B) : (21)Now, we an write(x + y)n = nXk=0 nCkxkyn�k = nXk=0 �(n+ 1)�(k + 1)�(n� k + 1)xkyn�kand thus expanding the fators within the integrand with C+�S�1 = N and B+�B�1 = M(this is where it is neessary to assume that �S and �B are integers),(fs+ b)C+�S�1 = (fs+ b)N= NXk=0 fk �(N + 1)�(k + 1)�(N � k + 1)skbN�k ; (22)(gs+ rb)B+�B�1 = (gs+ rb)M= MXj=0 gj rM�j �(M + 1)�(j + 1)�(M � j + 1)sjbM�j : (23)Thus, the integrand in Equation 21 an be written asZ 10 db (fs+ b)C+�S�1(gs+ rb)B+�B�1 e�b(1+r+�S+r�B)= NXk=0 MXj=0 fk gj rM�j sk+j �(N + 1)�(M + 1)�(k + 1)�(N � k + 1)�(j + 1)�(M � j + 1) �Z 10 db bN+M�k�j e�b(1+r+�S+r�B) ;� NXk=0 MXj=0 fk gj rM�j sk+j ��(N + 1)�(M + 1)�(N +M � k � j + 1)�(k + 1)�(N � k + 1)�(j + 1)�(M � j + 1)(1 + r + �S + r�B)N+M�k�j+1 : (24)Putting it all together,p(sjCB)ds = ds Z 10 db p(sbjCB)



{ 6 {� ds (rf � g)(1 + �S)C+�S(1 + �B)B+�B�(C + �S)�(B + �B) �NXk=0 MXj=0(fk gj rM�j sk+j e�s(f+g+f�S+g�B) ��(N + 1)�(M + 1)�(N +M � k � j + 1)�(k + 1)�(N � k + 1)�(j + 1)�(M � j + 1)(1 + r + �S + r�B)N+M�k�j+1 ) : (25)For the non-informative priors, �S; �B = 1 and �S = �B = 0,p(sjCB)ds = ds (rf � g) 1�(C + 1)�(B + 1) �CXk=0 BXj=0(fk gj rB�j sk+j e�s(f+g) ��(C + 1)�(B + 1)�(C +B � k � j + 1)�(k + 1)�(C � k + 1)�(j + 1)�(B � j + 1)(1 + r)C+B�k�j+1 ) : (26)And further, when the soure PSF has no overlap with the bakground aperture, g = 0, andonly the j = 0 term remains from the summation,p(sjCB)ds = ds 1�(C + 1)�(B + 1) �CXk=0(fk+1 rB+1 sk e�sf ��(C + 1)�(B + 1)�(C +B � k + 1)�(k + 1)�(C � k + 1)�(B + 1)(1 + r)C+B�k+1 ) : (27)
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