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1.1 Introduction

Why do we need statistic? Wall and Jenkins (2003) give a good ekcription
of the scienti ¢ analysis and answer this question. Statistc allows us to take
decisions in Science, evaluate observations, models, foalate questions and
proceed forward with investigations. The statistic is neecd at every step
of our scienti ¢ analysis. Statistic is a quantity that summ arized the data
(mean, averages etc.) and astronomers cannot avoid statists.

Here is a question asked by an X-ray astronomy school student

\I wanted to know how many counts would be needed to get a gootfor a
CIE plasma model with every parameter (save redshift) freel discussed this
topic with Randall Smith once who told me it took 500-1000 cauts to get a
decent t, but | couldn't remember if this assumed that metalicity is xed.
Can someone get a good t for metallicity with low counts (e.g 500-1000)?"

However, what does it mean \a good t" or "a “decent t", and wh at does
constitute \low counts" data? These expressions carry a cdain meaning,
but taken out of context are not precise enough. Are we askingvhether a
total number of counts in the spectrum is \low" or a number of counts per
resolution element is \low"? In the question about a total number of counts
500-1000 seems \high", but it is considered \low" if we take anumber of
total counts and divide by a resolution element (for examplethere are 1024
independent detector channels in aChandra ACIS spectrum). Also \high"
is relative to a scienti c question we pose and a type of the cosidered
model. For example a simple power law model of a continuum cdd be well
constrained by aChandra spectrum with 500-1000 counts, but probably not
a plasma model.
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1.2 Probability Distributions

Probability is a quantity that describes a fraction of favor able events and it

is a numerical measure of our belief. Laplace principle of idi erence states

that all events have equal probability. The Kolmogorov axioms give a base
for the probability theory:

Any random event, A, has a probability 0 <P (A) < 1
A probability of a sure event is equal to 1,P(A) =1
If A and B are exclusive events then P(AB)= P(A)+P(B)

The probability distribution is a function describing a pro bability of an
event given a total number of events. Ifx is a continuous random variable
then f (x) is its probability density function or simply probability distribution
when:

R
(1) grob(a<x<b)= DF (x)dx
2 1 fdx=1
(3) f(x) is a single non-negative number for all realx.

The two most widely used in X-rays probability distribution s are Poisson
and Gaussian distributions.

Poisson probability:

e n

P(n; )= n!

(1.1)

where is the mean of the distribution, e.g. a \count rate" - an average
of number of photons received from a source per unit time (outof total
number of emitted photons), P(n; ) describes then the probability of
receiving n photons in a given exposure time.

Gaussian probability, normal distribution:

1 " (n )2#

NG )= ep o (1.2)

where is the mean of the distribution, is the variance,N (n; ; )
describes the probability of receivingn photons.
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1.3 Bayesian and Classical Methods

There are two main schools in Statistics: Bayesian and Classal. They
di er in the basic assumptions, treatment of probabilities and philosophy.
Classical orfrequentist methods calculate a probability of the data given a
model. Bayesian methods calculate a probability of the modkegiven the
data and use prior knowledge about the source, experimentste to assess
the probability.

1.4 What do we really do in the analysis of X-ray data?

Section ?¥ describes some main concepts of spectral tting in X-ray aston-
omy. The instruments' characteristics stored in calibration les are explicitly

included in the X-ray data analysis. To evaluate the expectel model counts
a physical model of an X-ray emitting source,m(E) is ‘convolved' with the

calibration data (most commonly de ned by a redistribution matrix, RMF

le, r(E;i) and an e ective area of the X-ray telescope, ARF le, a(E)).

Z
Mi= r(E;i)a(E)m(E)dE (1.3)

The predicted model countsM; in a detector channeli are then compared
to the observed counts. In order to understand how well the plgsical model
describes the data we needtatistic - a variable characterizing the property
of the model in respect to the observed data. Typically 2 statistic is used,
because it gives a 'goodness-of- t' and because the X-ray da are usually
binned (see below for methods in unbinned data). Note that 2 statistic is
a random variable with the 2 distribution.

2. X (DI Mi)?
=" F
|

(1.4)

where 2 is the variance. In Pearson's (1900) classical paper? is de ned in
respect to the model predicted countaM; and it is assumed that the observed
data come from the normal distribution. However, with a limited number
of observed counts ? applications can be restricted or even biased as we
show in an example below. Variety of weighting of this basic érmula has
been de ned to accommodate X-ray low counts observations (e. Gehrels,
Churazov, Primini).

In the parameterized approach, the model parameters are vaed during

y Keith on X-ray tting
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the ' t' process (minimization, optimization) to obtain th e best t parame-
ters, e.g. the parameters that minimize the 2 statistics and best describe
the observations. These parameters give also the minimum dérence be-
tween the model predicted counts and the observed number ofozints.

The model parameter space is an N-dimensional space with a mber of
parameters de ning its dimension. Note that for a di erent m odel expression
the parameter space is di erent and could be completely disjined from the
other one. Note, however the importance of thenested models where a
simpler model is nested within a more complex model

The best t parameters de ne just one point in that model para meter
space. Is this the only physical model describing the obseed source? We
can only answer this question in terms of probabilities. Beause X-ray data
are Poisson distributed there is a \Poisson" noise inhererly present in the
data. How this noise a ects our determination of the best t p arameters?
The uncertainty associated with the statistical noise propagates into the
way we determine the parameters and the best t parameters hae a range
of acceptable values. There are many physical models that caexplain
observations. The statistics helps to constrain the range®f the acceptable
parameter space. However, there is no single answer and wercanly obtain
the probability quantifying a chance of the physical model that can describe
the observations.

1.5 Maximum Likelihood

Probability density function f (X; ), where X describes the X-ray data
and model parameters, is the Poisson probability because ¢ the Poisson
nature of the X-ray data. We want to estimate . If Xq;X,::;; Xy are the
X-ray data, independent and drawn from the Poisson distribuiion P then
the likelihood function is:

L(X1; X2, XN) = P(X1; X252 XNJ ) (2.5)
= P(Xaj) P(X2j) =:P(Xnj) (1.6)

W
= PXij) (1.7)

Finding the maximum likelihood means nding the parameter ¢ that
maximizes the likelihood function.

Below, | use an example to illustrate the maximum likelihood method
in the X-ray spectral analysis. An X-ray spectrum is often modeled as a
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power law function m(E) = AE , where A is the normalization in pho-
tons cn¥ sec keV,E is photon energy and is the photon index. Then the
predicted number of countsM; in i detector channel is de ned by

Z
Mi= r(E;i)a(E)AE dE (1.8)

This integral can be solved in XSPEC or Sherpato calculate model pre-
dicted counts M; for a given values of the parameters (A,). Assum-
ing Chandra ACIS calibration data and the power law parameters A =
0:001 photons/cr?/sec/keV and = 2 the model predicted counts in the
ACIS channelsi = (10; 100, 200) are estimated to beM; = (10:7;5089; 75.5).
The Poisson likelihood for the observed countsX;=(15,520,74) is then:

W
L(Xi)=  P(XijMi(A;)) (1.9)

= P(15] 10.7)P (520 ] 5089)P (74 | 75:5) (1.10)

=0:116 (1.11)

here we used the Incomplete Gamma function (X;; M;) to calculate indi-
vidual Poisson probabilities given the observed data in thee three channels.

An observed X-ray spectrum has many channels and the model mels to
be evaluated in all the detector channels. Finding the maxinum likelihood
means nding the best set of parameters (A, ) that maximize t he Poisson
likelihood function for the assumed model. For an assumed diribution of
parameters one can \sample" the parametersA;; ;) many times, calculate
the likelihood and choose the parameters that give the maxiram value of L.
Many numerical methods have been developed to make such itative process
the most e cient. Van Dyk et al (2001) describe Monte Carlo al gorithms
speci c to X-rays spectra.

In many applications a log-likelihood approach is used. Takng a natural
log of the Poisson likelihood and using a simple algebra giwe

X
InL = XilnM;  M; InXih (1.12)

Cash (1979) de ned the C-statistics using this log-likelihood function and
multiplying it by -2.

X
C= 2InL= (XiInM; M; InX;) (1.13)
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Because during the optimization process the di erence betwen the val-
ues of the C-statistics is being used the term IrX;! cancels out as it is
independent on the parameters. Thus the C-statistics in thefollowing form
iS minimized:

cC=2"(M; XiInM)) (1.14)

Note that 2 statistics is also the maximum likelihood estimator. It is
derived from the log-likelihood when the assumed underlyig distribution is
Gaussian (see Eq. XX forN (X;jM;)):

W
L(X1; X2, XN) = N (XijM;) (1.15)
(X Mp)?

InL =
27

(1.16)

1.6 Con dence Limits

Maximum likelihood estimators such as C-statistics or 2 are used to nd
the best parameters for the X-ray data. But how well do we knowmodel
parameters? This depends on the quality of the data, e.g. sital-to-noise,
total number of counts etc. The data constrain the model paraneters and
after nding the best t parameters one needs to estimate the con dence
level for these parameters.
Avni (1976) de ned the con dence region with the signi cance level

and a number degrees of freedom= N 1 | (N - number of channels, j
- number of parameter)

()= Gnt (5 ) (1.17)

For example the signi cance of 90% corresponds to = 2.71 of the 2
di erence above the minimum for one parameter. In practice @lculating
the parameter value that corresponds to this con dence leve(or any other)
could be numerically intensive, as it requires a parameter earch around the
best t minimum.
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Fig. 1.1. Distributions of a photon index parame obtained by tting simulated
X-ray spectra with 60000 counts and using the three di erent statistics: 2 with
model variance, 2 with data variance and Cash statistics.

1.7 Statistical Issues
1.7.1 Bias

The 2 bias can a ect the results of the X-ray spectral tting and it can be
demonstrated in a simple way. The described simulations carbe done in
Sherpaor XSPEC.

We assume an absorbed power law model with the sets of 3 paratees
(an absorption column, a photon index, and a normalization) to simulate
Chandra X-ray spectrum given the instrument calibration | es (RMF/ARF)
and the Poisson noise. The resulting simulated X-ray spectrm contains the
model predicted counts with the Poisson noise. This spectrm is then t
with the absorbed power law model to get the best t parameter values for
NH, photon index and normalization.

We simulated 1000 spectra and t each of them using di erent datistics:

2 with data variance, 2 with model variance and Cash/C-statistics. Fig-
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ure 1.1 shows the distribution of the photon index parameterobtain from the
t of the high signal to noise spectra generated for the assurad simulated
value of 1.267. The 2 bias is evident in this analysis. While C-statistics
based on the Poisson likelihood behave well? with model variance under-
estimates the simulated value and 2 with data variance overestimates this
parameter.

1.7.2 Background, Source Detection and Spectral Analysis.

X-ray data are collected as individual events. Both source ad background
counts are contained within the assumed source region mated to the point
spread function of the detector and the background contribdion needs to
be accounted for in the analysis. In the high counts situatim with low
background contribution the background is typically subtracted and the
error propagated according to the standard theory.

Asts

S=C
Agtp

B

where S is the source counts, C - total observed counts, B - obsred
background counts,Ag; Ag are source and background regions respectively
and tg;tg are source and background exposure times.

In a low counts regime a treatment of the background could be ticky
and subtracting the background can lead to negative(!) couts. This is
where Poisson likelihood and therefore C-statistics shodlbe used. However,
if one uses the Poisson likelihood based statistics (C-stadtics/Cash) the
background cannot be subtracted, but source and backgrounanodels have
to be t simultaneously.

1.7.3 Rebinning

Rebinning or grouping of low counts data is sometimes used ithe X-ray

analysis to increase number of counts in a new group. Rebinng is not the
best solution as it leads to the loss of information. For example an emission
line or absorption edge could disappear when the counts arerguped. How-
ever, if there is only a handful number of and as long as a simplcontinuum

model is being applied the grouping of data is the fastest andkasiest way
to proceed with the analysis.
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1.7.4 Systematic Errors, Calibration and Model Uncertainties.

In addition to the statistical errors there are usually systematic errors that
are present in the observations. The most common way to inclde those
errors is to use the error propagation formulas and add the sitistical and
systematic errors in quadrature. However, such approach des not account
for a non-linear errors such as the ones in theChandra calibration les.
Drake et al (2006) shows how these errors a ect the con dencef the best
t parameters and that the calibration errors dominate in th e error budget
in a very high signal to noise observations. Then the constrim on the best
t parameters is limited by the size of these errors and as in Dake et al
approach the simulations should be used to estimate the unctinties on
the parameters.

Another class of uncertainties is related to physical moded. For example
in the plasma emission models the line transitions are de nd with certain
uncertainties. Such uncertainties should be included in tke analysis, however
the models typically do not state their uncertainties and the standard tting
packages do not take into account such errors.
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Web pages:

http://hea-www.harvard.edu/AstroStat/ - it contains software link,
bibliography and \Statistics Jargon for Astronomers"

http://groundtruth.info/AstroStat/slog/ - Astrostatistics Blog



